A+Blog[c (d+ex)"]

dx

\/a+bLog[c (d+ex)"]

Rule:

A+Blog[c (d+ex)"]

dx —

'\/a+bLog[c (d+ex)"]

B(d+ex)\/a+bLog[c(d+ex)“] 2Ab B(2a+bn)

be J\\/a+bLog[c(d+ex)]

dx

Program code:

Int[ (A_.+B_.xLog[c_.*(d_.+e_.*x_)"n_.])/Sqrt[a_+b_.xLog[c_.x(d_.+e_.*x_)"n_.]]1,x_Symbol] :=
Bx (d+exx) *Sqrt [a+bxLog[cx (d+exx)~n]]/ (bxe) +
(2xAxb-Bx (2xa+bxn) ) / (2xb) *Int[1/Sqrt[a+bxLog[c* (d+exx)”n]],x] /;
FreeQ[{a,b,c,d,e,A,B,n},x]



Rules for integrands of the form u (a+b log(c x~n))"p

Rules for integrands of the form u (a + bLog[c x"])P

a. j(fx)m(d+ex")q(a+bLog[cx"])pdlx

0: jx’" (d+s)q (a+blLog[cx"])Pdx whenm==q A qez
X

Derivation: Algebraic simplification
Rule:1f m==q A q € Z,then

J‘Xm (d+ f)q (a+bLog[ex"])Pdax — J(e+dx)q (a+blLog[cx"])Pdx
X

Program code:

Int[x_"m_.*(d_+e_./x_)"q_.*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
Int[ (e+d*x)*q* (a+bxLog[cxx*n]) " p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & EqQ[m,q] && IntegerQ[q]



Rules for integrands of the form u (a+b log(c x~n))"p

1: Jx"‘ (d+ex")? (a+blog[cx"]) dx when qez* A mez

Derivation: Integration by parts

Basis: Ox (a + b Log[c x"]) == &0
Rule:lf ge z* A me z,letu ejx’” (d + e x")9dx,then

Jx’" (d+ex")? (a+blog[cx"]) dx — u (a+bLog[cx"]) —bnj%dlx

Program code:

Int[x_"m_.*(d_+e_.*x_"r_.)"q_.xLog[c_.*x_"n_.],x_Symbol] :=
With[{u=IntHide [x"m« (d+e*x"r)~q,x]},

Dist[Log[c*x"n],u,x] - nxInt[SimplifyIntegrand[u/x,x],x]] /;
FreeQ[{c,d,e,n,r},x] & & IGtQ[q,0] && IntegerQ[m] && Not[EqQ[q,1] && EqQ[m,-1]]

Int[x_"m_.x(d_+e_.*x_"r_.)"q_.*(a_+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
With[{u=IntHide [x mx (d+exx"r)~q,x]},

ux (a+bxLog[cx"n]) - bxnxInt[SimplifyIntegrand[u/x,x]1,x]|] /;
FreeQ[{a,b,c,d,e,n,r},x] && IGtQ[q,0] && IntegerQ[m] && Not[EqQ[q,1] && EqQ[m,-1]]



Rules for integrands of the form u (a+b log(c x~n))"p

2: J(-Fx)'"(d+ex")q (a+blog[cx"]) dx whenm+r (q+1) +1==0 A m#-1

Derivation: Integration by parts

Basis:If m+r (q+1) +1=0 A m#-1,then (fX)™ (d+ex")d = g, FX" (drext)T=

df (m+1)
~ Rule:lfm+r (q+1) +1==0 A m+ -1,then
. o ; (1“x)"‘+1 (d+exr)q‘1 (a+bLog[cx"]) bn . g
j(fx) (d+ex")? (a+bLog[cx"]) dx — pr— T j(fx) (d+ex") %" ax

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*x_"r_.)"q_*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
(-F*x) A(m+1) % (d+exx r) A (q+1) = (a+bxLog[c*x”n] )/(d*f* (m+1) ) -
bxn/ (dx (m+1) ) »Int[ (fxx) *mx (d+exx*r)~ (q+1) ,x] /;
FreeQ[{a,b,c,d,e,f,m,n,q,r},x]| & EqQ[m+rx(q+1)+1,0] && NeQ[m,-1]



Rules for integrands of the form u (a+b log(c x~n))"p

3. J(-Fx)'" (d+ex")? (a+blog[cx"])?dx whenm=r-1 A pez*
1. J(fx)"' (d+ex")® (a+bLog[cx"])Pdx whenm==r-1 A pez*A (mez v f>0)

1: J(-Fx)"‘ (d+ex")? (a+blLog[cx"])?dx whenm=r-1Apez*A (mez Vv £>0) Ar=n

Derivation: Integration by substitution
Rule:lf m=r-1ApezZ'A (mezZ VvV f>0) A r =n,then

fm
j(fx)m (d+ex")? (a+blLog[cx"])?dx — —Subst[J-(d+ex)q (a+blog[cx])Pdx, X, x"]
n

Program code:

Int[(F_.#x_)™m_.%(d_+e_.*x_"r_)"q_.*(a_.+b_.*Log[c_.*x_"n_])"p_.,x_Symbol] :=
-F"m/n*Subst [Int[ (d+e*xx) *q* (a+bxLog[c*x]) “p,Xx],X,X*n] /;
FreeQ[{a,b,c,d,e,f,m,n,q,r},x]| & EqQ[m,r-1] && IGtQ[p,0] & (IntegerQ[m] || GtQ[f,0]) && EqQ[r,n]



Rules for integrands of the form u (a+b log(c x~n))"p

2. J-(-Fx)"' (d+ex")? (a+blLog[cx"])?dx whenm=r-1Apez*A (mez Vv £>0) Ar#n

.- -J-(fx)'“ (a+blog[cx"])?

dx whenm=r-1Apez*A (mez Vv £>0) Arsn
d+ex”

Derivation: Integration by parts
ice (0" __ 7 ex”
Basis: (X0 = £ 6, Log |1+ & ]

Rule:lf m=r-1ApeczZ'A (meZ VvV f>0) A r +n,then

dx
X

J(fx)m (a+bLog[cx"])P f“‘Log[1+edi] (a+blog[cx"])? bfman\Log[1+edi] (a+bLog[ex"])P?
dx — -

d+ex” er er

Program code:

Int[(f_.*x_)™m_.x(a_.+b_.«Log[c_.*x_"n_.]1)"p_./ (d_+e_.*x_"r_),x_Symbol] :

fAmxLog[1l+exx r/d] * (a+bxLog[c*x"n])*p/ (exr) -
bxf mxnxp/ (exr) *Int[Log[1+exx"r/d]* (a+bxLog[c*x*n]) " (p-1) /x,X] /;
FreeQ[{a,b,c,d,e,f,m,n,r},x| && EqQ[m,r-1] && IGtQ[p,0] && (IntegerQ[m] || GtQ[f,0]) & NeQ[r,n]



Rules for integrands of the form u (a+b log(c x~n))"p

2: J(-Fx)"'(d+ex")q (a+blog[cx"])?Pdx whenm=r-1Apez*A (mez VvV £>0) Ar#nAq#-1

Derivation: Integration by parts

Rule:lf m=r-1ApezZ*AN (mezZV £>0) Ar+n A q#+-1,then

M (d+ex)® (a+blog[cx'])P bfnp J.(d»,ex")q*l (a+bLog[cx"])P™?
- dx

£x)" (d ry\d bL "1\Pa
J(Fx)" (d+ex)? (a+brLog[ex])?ax — v e 1) er @+ 1)

X

Program code:
Int[(F_.*x_)™m_.x(d_+e_.*x_"r_)~q_.*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
fAm* (d+exx”r)” (q+1) » (a+bxLog[c*x”n] ) p/ (exrx(q+1)) -

bxf mxnxp/ (exrx (q+1) ) *Int[ (d+exx"r)” (q+1) * (a+bxLog[c*x*n] )~ (p-1) /x,Xx] /;
FreeQ[{a,b,c,d,e,f,m,n,q,r},x]| & EqQ[m,r-1] && IGtQ[p,0] & (IntegerQ[m] || GtQ[f,0]) && NeQ[r,n] && NeQ[q,-1]

2; J(fx)m (d+ex")? (a+bLog[cx"])Pdx whenm=r-1 A pez*A - (mez v f>0)

Derivation: Piecewise constant extraction

Rule:lf m=r-1Apez*A -~ (meZ Vv f>0),then

J(-Fx)"'(d+ex")q(a+bLog[cx"])pdlx—> (fx:) Jxm (d+ex")? (a+bLog[cx"])?dx

Program code:

Int [ (F_*x_)"m_.x(d_+e_.*x_"r_)"q_.=(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
(F#x) Am/x msInt [ X mx (d+exX"r) *qx (a+bxLog[c*x n]) *p,X] /;
FreeQ[{a,b,c,d,e,f,m,n,q,r},x] & EqQ[m,r-1] && IGtQ[p,0] & Not[(IntegerQ[m] || GtQ[f,0])]



Rules for integrands of the form u (a+b log(c x~n))"p

4. J(fx)'" (d+ex")? (a+blLog[cx"])?dx when q+1ez"

1: J(fx)"' (d+ex)? (a+blLog[cx"]) dx whenq+1ez A m>0

Rule:lf g+1 ez A m> 0,then

J(-Fx)"' (d+ex)? (a+blog[cx"]) dx —

fx)" (d a+1 bL " f
(Fx)" (d+ex)™ (a+bLog[cx')) - J~(-Fx)""1 (d+ex)%! (am+bn+bmLog[cx"]) dx
e(q+1) e (q+1)

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_)"q_.x(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
(F#x) "mx (d+exx) " (q+1) » (a+bxLog[c*x"n]) / (ex (q+1)) -
£/ (ex (q+1) ) xInt[ (fxx)~ (m-1) * (d+exx) ~ (q+1) » (a*m+bxn+bxmxLog[cxx*n]),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] && ILtQ[q,-1] && GtQ[m,O]



Rules for integrands of the form u (a+b log(c x~n))"p

2: J(fx)’" (d+ex?)? (a+blog[cx"]) dx when q+1ez A mez"

Rule:lf g+1e€2z A mez ,then
J.(-Fx)'" (d+ex?)? (a+blog[cx"]) dx —

f m+1 d 2\ q+1 bL n
_( X)" (d+ext)™ (ax og[cx])+ ! J(fx)m(d+ex2)q+1(a(m+2q+3)+bn+b(m+2q+3) Log[cx"]) dx
2df (q+1) 2d (q+1)

Program code:

Int[(F_.*x_) m_.x(d_+e_.*x_"2)"q_.*(a_.+b_.*Log[c_.*x_"n_.]),x_Symbol] :=

- (F*x) A (m+1) » (d+exx"2) A (q+1) x (a+bxLog[cxx”n]) / (2+d+Fx (q+1)) +

1/ (2xd* (q+1) ) *Int [ ('F*X) Am* (d+exx"2) A (q+1) * (a* (M+2xq+3) +bxn+bx (m+2xq+3) xLog[c*x"*n]) ,X] /5
FreeQ[{a,b,c,d,e,f,m,n},x] & ILtQ[q,-1] && ILtQ[m,O]



Rules for integrands of the form u (a+b log(c x~n))"p

5: Jx"‘ (d+ex?)? (a+blog[cx"]) dx when ';—'ez Aq—%ez A-(m+2q<-2V d>0)

Derivation: Piecewise constant extraction

+ 2)4
Basis: Oy l(%%—q =0
T

Rule:If 2 ez Agq-2€Z A= (m+2q<-2V d>0),then

dIntPart[q] (d re xz) FracPart[q]

Jx'" (d+ex*)? (a+bLog[cx"]) dx —

X" (1 - xz)q (a+bLog[cx"]) dx
(1 + ixz)Fr‘acPar‘t[q] d

Program code:

Int[x_"m_.*(d_+e_.*x_"2)"q_=(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
d IntPart[q] * (d+exx”~2) *FracPart[q]/ (1+e/d*x*2) ~*FracPart[q] *Int [x"mx (1+e/d%*x"2) *q* (a+bxLog[c*x”n]) ,x] /;
FreeQ[{a,b,c,d,e,n},x] &% IntegerQ[m/2] &% IntegerQ[q-1/2] &% Not[LtQ[m+2xq,-2] || GtQ[d,0]]

Int[x_"m_.*(d1_+el_.xx_)"q_=(d2_+e2_.xx_)"q_=(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
(dl+elxx)~qx (d2+e2xx)"q/ (1+elxe2/ (d1xd2) xx*2) ~*q+Int [X mx (1+elxe2/ (d1xd2) xx"2) ~qx (a+bxLog[c*x"n]) ,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,n},x] & EqQ[d2xel+dlxe2,0] &% IntegerQ[m] && IntegerQ[q-1/2]

10



Rules for integrands of the form u (a+b log(c x~n))"p

dx when p e z*

6 J~(d+ex'")q (a+bLog[cx"])?

X

. J-(a+bLog[cx“])p

dx when pez*

X (d+ex")
a+blog[cx"]
1: J—d]x when L ez
x(d+ex") n

Derivation: Integration by substitution

Basis: FX"L = L sybst | FXL ) x, x"| o, x"
X n X

Rule: Ifﬁ € Z,then

Ja+bLog[cx ] ix —Subs [J-a+bLog[cx]
(d+ex) d+ex™/n

Program code:

Int[(a_.+b_.xLog[c_.*x_"n_])/ (x_*(d_+e_.*x_"r_.)),x_Symbol] :=
1/n%Subst[Int[ (a+bxLog[c*xx]) / (x* (d+exx~(r/n))),x],Xx,x*n] /;
FreeQ[{a,b,c,d,e,n,r},x] & & IntegerQ[r/n]

). J~(a+bLog[cx"])p

X (d + e x)

dx when pez*

Rule: Algebraic expansion

e 1 -1 _ __ e
Basis: X (d+ex) ~ dx d (d+e x)

Rule: If p € z7, then

dx, X, x"]



Rules for integrands of the form u (a+b log(c x~n))"p

J~(a+bLog[cx"])p ax EJ«(a+bLog[cx"])p

X (d + e Xx) d X

Program code:

Int[(a_.+b_.xLog[c_.*x_"n_.]1)"p_./ (X_=*(d_+e_.*x_)),x_Symbol] :=
1/d*Int[ (a+bxLog[c*x"n]) p/x,x] - e/dxInt[ (a+bxLog[cxx*n])~ p/ (d+exx),x] /;
FreeQ[{a,b,c,d,e,n},x] &% IGtQ[p,0]

dx -

e
d

i)

(a+bLog[cx"])?

d+ex

dx

12



Rules for integrands of the form u (a+b log(c x~n))"p

dx when p e z*

. J«(a+bLog[cx"])p

X (d+ex'")

Rule: Integration by parts

rLog[x] -Log[1+*"]

. 1 _
Basis: X diex) Ox

bnp (a+bLog[cx"])Pt

X

Basis: Ox (a+ b Log[cx"])P ==

Note: This rule returns antiderivatives in terms of x" instead of x™", but requires more steps and larger
antiderivatives.

Rule: If p € Z*, then

J(a+bLog[cx“])" ix

x(d+ex")

dr d X dr

rLog[x] - Log|1+ &< (a+blLog[cx"])? pp Log[x] (a+b Log[cx"])P? bn Log[1+ &= (a+bLog[ex"])P™*
¢ - pj dx + P d
x

Program code:

(* Int[(a_.+b_.xLog[c_.*x_"n_.1)"p_./(X_*(d_+e_.*x_"r_.)),x_Symbol] :=
(rxLog[x]-Log[1+ (exx”r) /d]) » (a+bxLog[c*x”n] ) p/ (d*r) -
bxnxp/d+Int[Log[Xx] * (a+bxLog[c*x*n]) " (p-1) /X,X] +
bxnxp/ (dxr) *Int[Log[1+ (e*xx”~r) /d] * (a+bxLog[c*x*n]) " (p-1) /x,X] /;

FreeQ[{a,b,c,d,e,n,r},x] & & IGtQ[p,0] =)

dx

13



Rules for integrands of the form u (a+b log(c x~n))"p

dx when p e z*

N J« (a+blLog[cx"])?

d+ex

Rule: Integration by parts

o1 1
Basis: |47 = L oylog |1+ -

)

Rule: If p € Z*, then

bnp
+

-

] (a+brog[ex"])™*

—_ -

x(d+ex") dr

J(a+bLog[cx"])pdx Log[1+:7] (a+blLog[cx"])?

Program code:

Int[(a_.+b_.xLog[c_.*x_"n_.]1)"p_./ (X_*(d_+e_.xx_"r_.)),x_Symbol] :=
-Log[1+d/ (exx"r) ] (a+bxLog[cxx~n]) p/ (d*r) +
bxnxp/ (d+r) *xInt[Log[1+d/ (exx"r) ]* (a+bxLog[c*x”*n]) " (p-1) /x,X] /;
FreeQ[{a,b,c,d,e,n,r},x] & IGtQ[p,9]

dr

J*Log[1+ -

X

dx

14



Rules for integrands of the form u (a+b log(c x~n))"p

d a bL "1)®P
Z.J( rex) (a+ og[cx]) dx when pez*

X

.. J-(d+ex)q (a+blLog[cx"])?

X

Rule: Algebraic expansion

Basis: {4:eX0% - d (d*ix’qJ +e (d+ex)dl
Rule:If pe Z* A q > 0, then

d q bL n1)P
J-( +ex)% (a+blog[cx"]) dlx—>dj

X

Program code:

dx whenpez*A q>0

(d+ex)%* (a+blog[cx"])”

X

Int[(d_+e_.*x_)"q_.*(a_.+b_.xLog[c_.*x_"n_.])"p_./x_,x_Symbol] :=

dxInt[ (d+exx)”~(gq-1) * (a+bxLog[c*x”*n])*p/X,x] +
exInt[ (d+exx)”~ (gq-1) * (a+bxLog[c*x*n]) *p,x] /;

FreeQ[{a,b,c,d,e,n},x] && IGtQ[p,0] && GtQ[q,0] && IntegerQ[2xq]

d1x+eJ‘(d+ex)“‘1 (a+bLog[cx"])”dx

15



Rules for integrands of the form u (a+b log(c x~n))"p

d a bL n1)P
Z:J( rex) (a+ og[cx]) dx whenpez*A q<-1

Rule: Algebraic expansion

Basis: (dxex)9 __ (drex)9! e (drex)9
' X d x d

Rule:lif pez* A g < -1, then

a+blog[cx"])P

(d+ex)? (a+bLlog[cx"])? 1 (d+ex)®
J dx — EJ

X

Program code:

X

Int[(d_+e_.*x_)"q_=(a_.+b_.xLog[c_.*x_"n_.])"p_./x_,x_Symbol] :=

1/d*Int[ (d+exx)” (q+1) * (a+bxLog[cxx*n])*p/xX,X] -
e/dxInt[ (d+exx)~qx (a+bxLog[c*x”n]) p,x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[p,0] && LtQ[q,-1] && IntegerQ[2xq]

cllx—%j(d+ex)q (a+blLog[cx"])?dx

16



Rules for integrands of the form u (a+b log(c x~n))"p

. J«(d+ex'")q (a+blLog[cx"])

dx whenq-tez
% 2

Derivation: Integration by parts
Basis: 04 (a+ b Log[c x"]) ==

Rule:If g - 2 ez, letu - Jld*%)—q dx, then

J(d+ex")cI (a+bLog[cx"])

dx — u (a+bLog[cx"]) —an
X

Program code:

Int[(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_“*n_.])/x_,x_Symbol] :=
With[{u=IntHide[ (d+exx"r)~q/x,x]},
ux (a+bxLog[c*x"n]) - bxnxInt[Dist[1/x,u,x],x]] /;
FreeQ[{a,b,c,d,e,n,r},x] && IntegerQ[q-1/2]

u
—dx
X

17



Rules for integrands of the form u (a+b log(c x~n))"p

dx whenpez*A q+1ez”

4 J«(d+ex'")q (a+blLog[cx"])?
Rule: Algebraic expansion

Basis: (d+exnd __ (drexn)dt ex"? (drex)d
' X d x d

Rule:lf pez*A gq+1 ez ,then

a+t (a+blLog[cx"])?

dx — —

J«(d+exr)q(a+bLog[cx“])p 1J~(d+ex")

X

Program code:

X

Int[(d_+e_.*x_"r_.)"q_=(a_.+b_.xLog[c_.*x_"n_.])"p_./X_,x_Symbol] :=

1/d*Int[ (d+exx"r)” (q+1) » (a+bxLog[c*x~n])p/X,Xx] -
e/dxInt[x” (r-1) x (d+exx”r)~qx (a+bxLog[c*x”n])p,x] /;
FreeQ[{a,b,c,d,e,n,r},x] & IGtQ[p,0] && ILtQ[q,-1]

dx -

a|m

Jx'"‘l (d+ex")? (a+blLog[cx"])Pdx

18



Rules for integrands of the form u (a+b log(c x~n))"p

7: J(-Fx)'" (d+ex")? (a+blog[cx"]) dx whenmez A 2qeZ Arez

Derivation: Integration by parts
Basis: 04 (a+ b Log[c x"]) ==

Note:lf mez A q - % € 7, then the terms of jxm (d + e x) 9 dx will be algebraic functions or constants times an

inverse function.
Rule:lif mez A 2gezZ A rez,letu aj(fx)’" (d + e x")9dx, then

j(fx)’“ (d+e)(")q (a+bLog[cx"]) dx — u (a+bLog[cx"]) _bnjidx

Program code:

Int[(f_.#x_)™m_.%(d_+e_.*x_"r_.)"q_.(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
With[{u=IntHide[ (f*x) mx (d+exx"r)~q,x]},

Dist[ (a+bxLog[c*x*n]),u,x] - bxn+Int[SimplifyIntegrand[u/x,x],x] /;

(EqQ[r,1] || EqQ[r,2]) &% IntegerQ[m] &% IntegerQ[q-1/2] || InverseFunctionFreeQ[u,x]] /3
FreeQ[{a,b,c,d,e,f,m,n,q,r},x]| & IntegerQ[2xq] && (IntegerQ[m] & IntegerQ[r] || IGtQ[q,0])
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Rules for integrands of the form u (a+b log(c x~n))"p

8: J(fx)'" (d+ex") (a+blog[cx"]) dx whenqez A (q>@ VmeZ A rez)

Derivation: Algebraic expansion

Rule:lf gez A (>0 Vv meZ A reZ),then

J(f x)" (d+ex")? (a+bLog[cx"]) dx — J(a +blLlog[cx"]) ExpandIntegrand[ (fx)" (d+ex")%, x] dx

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"r_.)"q_.(a_.+b_.*Log[c_.*x_"n_.]),x_Symbol] :=
With[{u=ExpandIntegrand [ (a+bxLog[c*x"n]), (fxx)~mx (d+exx r)~q,x]},
Int[u,x] /;

sumQ[ul] /;

FreeQ[{a,b,c,d,e,f,m,n,q,r},x]| & IntegerQ[q] & (GtQ[q,0] || IntegerQ[m] & IntegerQ[r])
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Rules for integrands of the form u (a+b log(c x~n))"p

9: Jx"‘ (d+ex")? (a+bLog[cx"])?dx when qez A ﬁez A "'r:—lez A (% >0V pez*)

Derivation: Integration by substitution

m+1

Basis: If ™1 ¢ 7, thenx" F[x"] = % Subst{x " LF[x], X, x”} Oy X"
n n

Rule:ifgez A © ANPLez A (™E>0 Vv pez),then

n

ez
J.x'“ (d+ex")? (a+blLog[cx"])?dx — lSubstU‘ 1 (d+ex:')q (a+blLlog[cx])Pdx, x, x"]
n

Program code:

Int[x_"m_.x(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_"“n_])"p_.,x_Symbol] :=
1/n+Subst[Int[x (Simplify[ (m+1) /n]-1)« (d+exx”(r/n)) g (a+bxLog[c*x]) p,x],x,x*n] /;

FreeQ[{a,b,c,d,e,m,n,p,q,r},x] & IntegerQ[q] && IntegerQ[r/n] &%& IntegerQ[Simpli-Fy[(m+1)/n]] && (GtQ[ (m+1)/n,0] || IGtQ[p,0])
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Rules for integrands of the form u (a+b log(c x~n))"p

10: J(fx)'" (d+ex") (a+blog[cx"])?dx whenqez A (4>@ V peZ*AmeZ A rez)

Derivation: Algebraic expansion

Rule:lf gez A (>0 V pezZ*AmeZ AreZ),then

J\(-Fx)m (d+ex")? (a+blog[cx"])?dx — J(a +bLog[cx"])? ExpandIntegrand[ (fx)" (d+ex")?, x] dx

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"r_.)"q_.(a_.+b_.*Log[c_.*x_"n_.]1)"p_.,x_Symbol] :=
With[{u=ExpandIntegrand | (a+bxLog[c*x"n])~p, (f+x)"m« (d+exx"r)~q,x]},
Int[u,x] /;

sumQ[ul] /;

FreeQ[{a,b,c,d,e,f,m,n,p,q,r},x] & IntegerQ[q] & (GtQ[q,0] || IGtQ[p,@] & IntegerQ[m] & IntegerQ[r])

u: J(-Fx)"' (d+ex")? (a+bLog[cx"])Pdx

Rule:

j(fx)"' (d+ex")? (a+blog[cx"])?dx — J(fx)'" (d+ex")? (a+bLog[cx"])?dx

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*x_"r_.)"q_.(a_.+b_.*Log[c_.*x_"n_.]1)"p_.,x_Symbol] :=
Unintegrable[ (fxx)~m« (d+exx"r) g« (a+bxLog[c+x"n])"p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q,r},x]
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Rules for integrands of the form u (a+b log(c x~n))"p

N: J(fx)muq (a+blLog[cx"])?dx when u=d+ex"

Derivation: Algebraic normalization
Rule:If u =d + e x", then

J(fx)muq (a+bLog[cx"])?ax — J(-Fx)m (d+ex")? (a+bLog[cx"])P dx

Program code:
Int[(f_.*x_) m_.*u_"q_.x(a_.+b_.«Log[c_.*x_"n_.])"p_.,x_Symbol] :=

Int[ (f»x)~mxExpandToSum[u,x]~q (a+bxLog[c+x"n])"p,x] /;
FreeQ[{a,b,c,f,m,n,p,q},x] & BinomialQ[u,x] & Not[BinomialMatchQ[u,X] ]

5. ~I‘AF [x] (a+blLog[cx"])?dx

1: jPoly[x] (a+blLog[cx"])Pdx

Derivation: Algebraic expansion

Rule:

jPoly[x] (a+blLog[cx"])?dx — jExpandIntegrand [Poly[x] (a+bLog[cx"])?, x] dx

Program code:

Int[Polyx_=*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
Int [ExpandIntegrand [Polyxx (a+bxLog[c*x”n])"p,x],x] /;
FreeQ[{a,b,c,n,p},x] & & PolynomialQ[Polyx,Xx]
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Rules for integrands of the form u (a+b log(c x~n))"p

2: JRF[X] (a+bLog[cx"])?dx when p e z*

Derivation: Algebraic expansion

Rule: If p € z*, then

JRF[x] (a+blog[cx"])?dx — J(a +bLog[cx"])? ExpandIntegrand [RF[x], x] dx

Program code:

Int[RFXx_=x(a_.+b_.xLog[c_.*x_“n_.])"p_.,x_Symbol] :=
With[ {u=ExpandIntegrand[ (a+bxLog[cxx*n])~p,RFXx,x]},
Int[u,x] /;

sumQ[u]] /;

FreeQ[{a,b,c,n},x] &% RationalFunctionQ[RFx,x] && IGtQ[p,0]

Int[RFx_=x(a_.+b_.xLog[c_.*x_“n_.])"p_.,x_Symbol] :=
With[ {u=ExpandIntegrand [RFx* (a+bxLog[c*Xx~n])*p,X]},
Int[u,x] /;

SumQ[ul] /;

FreeQ[{a,b,c,n},x] && RationalFunctionQ[RFx,x] && IGtQ[p,0]
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Rules for integrands of the form u (a+b log(c x~n))"p

U: [AF[x] (a+blog[cx"])”dx

Rule:

J.AF[X] (a+blog[cx"])Pdx — [AF[x] (a+bLog[cx"])Pdx

Program code:

Int [AFXx_=x (a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
Unintegrable [AFx* (a+bxLog[c*Xx”n])"p,x] /;
FreeQ[{a,b,c,n,p},x] & AlgebraicFunctionQ[AFx,Xx,True]

6. J-(a+bLog[cx"])"(d+eLog[-Fxr])qdlx

1: J(a+bLog[cx“])p (d+elLog[cx"])%dx whenpez A qez

Derivation: Algebraic expansion

Rule:lf peZ A q € Z,then

J(a +blog[cx"])? (d+eLog[cx"])%dx — JExpandIntegr‘and [(a+bLog[cx"])” (d+elLog[cx"])?, x] dx

Program code:

Int[(a_.+b_.xLog[c_.*x_“n_.]1)"p_.*(d_+e_.xLog[c_.*x_"n_.])"q_.,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxLog[c*x”n])~*p* (d+exLog[c*x”n])~q,x],Xx] /;
FreeQ[{a,b,c,d,e,n},x] & & IntegerQ[p] && IntegerQ[q]
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Rules for integrands of the form u (a+b log(c x~n))"p

2: J(a+bLog[cx“])p (d+elLog[fx"]) dx

Derivation: Integration by parts
Rule: Let u- [(a+bLog[cx"])®ax, then

J(a+bLog[cx"])p (d+elog[fx"]) dx — u (d+eLog[fx"]) —erj

Program code:

Int[(a_.+b_.«Log[c_.*x_"n_.1)"p_.*(d_.+e_.xLog[f_.*x_~r_.]),x_Symbol] :=
With[{u=IntHide[ (a+bxLog[c*x"n])"p,x]},
Dist [d+exLog[fxx*r],u,x| - exr+Int[SimplifyIntegrand[u/x,x],x]] /;
FreeQ[{a,b,c,d,e,f,n,p,r},x]

u
—dx
X
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Rules for integrands of the form u (a+b log(c x~n))"p

3: J(a+bLog[cx“])p (d+elLog[fx"])%dx whenpez* A qez*

Derivation: Integration by parts
Rule:lf pe Z* A q € Z",then

J(a+bLog[cx"])" (d+elLog[fx"])%dx —

x (a+blLog[cx"])” (d+eLog[-Fx"])q—eqrj(a+bLog[cx"])p (d+eLog[1=x"])q'1cilx—ban‘(a+bLog[cx"])"'1 (d+elLog[fx"])%dx

Program code:

Int[(a_.+b_.xLog[c_.*x_"n_.])"p_.*(d_.+e_.xLog[f_.*x_"r_.])"q_.,x_Symbol] :=
X* (a+bxLog[c*xn]) "px (d+exLog [f+x"r])~q -
exqxrxInt[ (a+bxLog[cxx n]) “p* (d+exLog[f*xr])~(q-1),x] -
bxnxpxInt[ (a+bxLog[cxx n])~(p-1) « (d+exLog[fxx"r])~q,x] /;
FreeQ[{a,b,c,d,e,f,n,r},x] & IGtQ[p,0] & IGtQ[q,0]

u: J(a+bLog[cx"])" (d+elLog[fx"])%dx

Rule:

J(a+bLog[cx"])p (d+eLog[fx"])%dx — J(gx)m (a+bLog[cx"])? (d+eLog[fx"])%ax

Program code:

Int[(a_.+b_.«Log[c_.*x_"n_.1)"p_.*(d_.+e_.xLog[f_.*x_~r_.])"q_.,x_Symbol] :=
Unintegrable[ (a+bxLog[c*x"n]) “p (d+exLog[f+x"r])~q,x] /;
FreeQ[{a,b,c,d,e,,n,p,q,r},x]
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Rules for integrands of the form u (a+b log(c x~n))"p

S: J(a+bLog[v])P (c+dLog[v])9dx whenv=g+hx A g#0

Derivation: Integration by substitution
Rule:lf v=g+hx A g+ 0,then

1
j(a+bLog[v])p (c+dLog[v])9dx — ;Subst[J(a+bLog[x])" (c+dLog[x])%dx, X, g+hx]

Program code:

Int[(a_.+b_.xLog[Vv_])"p_.*(c_.+d_.xLog[Vv_])"q_.,x_Symbol] :=
1/Coe-F-F[v,x,1] *Subst [Int[ (a+bxLog[x])p* (c+dxLog[x])"q,X],X,V] /;
FreeQ[{a,b,c,d,p,q},x] & LinearQ[v,x] && NeQ[Coeff[v,x,O],e]
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Rules for integrands of the form u (a+b log(c x~n))"p

7. f(gx)"‘ (a+blLog[cx"])? (d+elLog[fx"])%dx

. J-(a+bLog[cx"])p (d+elLog[cx"])? ix

X

Derivation: Integration by substitution

Basis: FlLeal<xtl —- L subst [F[x], X, Log[c x"]] OxLog[c x"]

Rule:

bL n P d L n q
J‘(a‘” og[cx"])" (d+eLog[cx"]) dx — lSubst[j(a+bx)p(d+ex)qd1x, X, Log[cx"]]
X n

Program code:

Int[(a_.+b_.xLog[c_.*x_“n_.]1)"p_.*(d_.+e_.xLog[c_.*x_“*n_.]1)"q_./x_,x_Symbol] :=
1/nxSubst [Int[ (a+bxx) “p* (d+exXx) ~q,Xx],X,Log[c*x*n]] /;
FreeQ[{anJchJeJanJq})x]
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Rules for integrands of the form u (a+b log(c x~n))"p

2: J(gx)'“ (a+blLog[cx"])? (d+elLog[fx"]) dx

Derivation: Integration by parts
Rule: Let u- fEx)" (a+blLog[cx"])?dx, then

J(gx)"‘ (a+blog[cx"])? (d+elLog[fx"]) dx — u (d+eLog[fx"]) —erJ

Program code:

Int[(g_.*X_)"M_.x(a_.+b_.xLog[c_.*x_"n_.]1)"p_.*(d_.+e_.xLog[f_.+x_~r_.]),x_Symbol] :=
With[{u=IntHide[ (gx)"mx (a+bxLog[c*x"n])"p,x]},
Dist [ (d+exLog[f*x*r]),u,x] - exrxInt[SimplifyIntegrandlu/x,x],x]] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,r},x] && Not[EqQ[p,1] & EqQ[a,0] && NeQ[d,0]]

u
—dx
X
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Rules for integrands of the form u (a+b log(c x~n))"p

3: J(gx)'“ (a+blLog[cx"])? (d+eLog[fx"])*dx whenpez* A qez* A m#-1

Derivation: Integration by parts
Rule:lf peZ* A qeZ" A m+ -1,then

J(gx)’" (a+bLog[cx"])P (d+eLog[fx"])Tdx —

(gx)™* (a+bLog[cx"])? (d+eLog[fx"])*

. -:‘j;j(gx)fﬂ(amog[cx"])v(d+eLog[fxr])q-1d1x-—:f:j<gx>m(a+bLog[cxn])v-1 (d+eLog[x"])% ax

Program code:

Int[(g_.*X_)"M_.%(a_.+b_.«Log[c_.*x_"n_.]1)"p_.*(d_.+e_.xLog[f_.#x_"r_.])"q_.,x_Symbol] :=
(8%X) ~ (m+1) » (a+bxLog [c+x~n]) "px (d+exLog [fxx~r])~q/ (g (m+1)) -
exqxr/ (m+1) »Int [ (g#x) “m# (a+bxLog[c*x"n]) "px (d+exLog[f+x"r])~(q-1),x] -
bxnxp/ (m+1) It [ (g+X) "mx (a+bxLog[c+x"n])~ (p-1) » (d+exLog[f*x r])~q,x]| /;
FreeQ[{a,b,c,d,e,f,g,m,n,r},x] && IGtQ[p,0] && IGtQ[q,0] && NeQ[m,-1]

u: j(gx)'" (a+blLog[cx"])? (d+eLog[fx"])%dx

Rule:

J(gx)'“ (a+blLog[cx"])? (d+eLog[fx"])%dx — J(gx)’" (a+blLog[cx"])? (d+eLog[fx"])*dx

Program code:

Int[(g_.*X_)"M_.%(a_.+b_.xLog[c_.*x_"n_.]1)"p_.*(d_.+e_.xLog[f_.#x_"r_.])"q_.,x_Symbol] :=
Unintegrable[ (g+x) “m# (a+bxLog[c*x”n]) "px (d+exLog[f+x"r])~q,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q,r},x]
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Rules for integrands of the form u (a+b log(c x~n))"p

S: Ju"‘ (a+bLog[v])? (c+dLog[v])%dx whenu=e+fXx Av=g+hx A fg-eh=0 A g+0

Derivation: Integration by substitution
Rule:lfu==e+fx Av=g+hx Afg-eh=0 A g+0,then

1 £x\"
jﬂ(a+ngW]V(c+dmgW]ﬂdx—a ;&mﬂ[J(T;](a+bmgU]W(c+dMgU]de,x,g+h4

Program code:

Int[u_"m_.x(a_.+b_.xLog[v_])"p_.*(c_.+d_.xLog[v_])”"q_.,x_Symbol] :=
With[{e=Coeff [u,x,0],f=Coeff[u,x,1],g=Coeff[v,x,0],h=Coeff[v,x,1]},
1/h«Subst[Int[ (fxx/h) mx (a+bxLog[x])"p* (c+dxLog[x])"q,x],X,Vv] /;

EqQ[f+g-exh,0] && NeQ[g,0]] /;

FreeQ[{a,b,c,d,m,p,q},x] && LinearQ[{u,v},x]
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Rules for integrands of the form u (a+b log(c x~n))"p 33

8. jLog[d (e+Fx")"] (a+bLog[cx"])dx

1: JLog[d (e+fx")"] (a+blog[cx"])’dx whenpez*AmeR A (p=1V iez Vr=1Am=1Ades=1)

Derivation: Integration by parts

[Log[d (e+f x™ "] dx
X

Note: If m € R, then isintegrable.

Rule:lif peziameR A (p=1Vv ieczvr=1Am=1Ade=1),letu- [Log[d (e+fx")"] dx,then

u(a+blog|c x"])p'1

Jlog[d (e+fx")"] (a+blLog[cx"])?dx — u(a+bLog[cx"])p—ban Ny dx

Program code:

Int[Log[d_.+(e_+f_.#x_"m_.)~r_.](a_.+b_.xLog[c_.*x_"n_.]1)"p_.,x_Symbol] :=
With[{u=IntHide[Log[d* (e+f»x"m)~r],x]},
Dist[ (a+bxLog[c*x"n])"p,u,x] - bxnxpxInt[Dist[ (a+bxLog[cx"n])~(p-1)/x,u,x],x]] /;
FreeQ[{a,b,c,d,e,f,r,m,n},x| && IGtQ[p,0] && RationalQ[m] & (EqQ[p,1] || FractionQ[m] & IntegerQ[1/m] || EqQ[r,1] && EqQ[m,1] & EqQ[dxe,



Rules for integrands of the form u (a+b log(c x~n))"p

2: JLog[d (e+fx")"] (a+bLog[cx"])’dx whenpez*Amez

Derivation: Integration by parts

Rule:lf pez*A mez,letu ej(a+b Log[c x"])P dx,then

u x"1

jLog[d (e+£x")"] (a+blLog[cx"])?dx — ulog[d (e+Ffx")"] —fmrJ dx

e+ fx"

Program code:

Int[Log[d_.*(e_+f_.#x_"m_.)~r_.]*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
With[{u=IntHide[ (a+bxLog[c*x"n])"p,x]},
Dist[Log[dx (e+fxx"m)~r],u,x] - famsr+Int[Dist[x~(m-1)/(e+fsx*m),u,x],x]] /;
FreeQ[{a,b,c,d,e,f,r,m,n},x] && IGtQ[p,0] && IntegerQ[m]

u: JLog[d (e+Fx")"] (a+bLog[cx"])”dx

Rule:

jLog[d (e+fx")"] (a+bLog[cx"])?dx — JLog[d (e+Fx")"] (a+bLog[cx"])?dx

Program code:

Int[Log[d_.*(e_+f_.#x_"m_.)~r_.](a_.+b_.xLog[c_.*x_"n_.]1)"p_.,x_Symbol] :=
Unintegrable [Log[d« (e+fxx m)~r]« (a+bxLog[cxx*n])*p,Xx]| /;
FreeQ[{a,b,c,d,e,f,r,m,n,p},x|
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Rules for integrands of the form u (a+b log(c x~n))"p

N: JLog[d u"] (a+blLog[cx"])?dx when u=e+fx"

Derivation: Algebraic normalization
Rule: If u = e + £ x", then

J(gx)qLog[dur] (a+blLog[cx"])?Pdax — j(gx)qLog[d (e+Fx")"] (a+blLog[cx"])”dx

Program code:

Int[Log[d_.*u_"r_.]=*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
Int[Log[dxExpandToSum[u,x]~r]* (a+bxLog[cxx*n])*p,x] /;
FreeQ[{a,b,c,d,r,n,p},x] & BinomialQ[u,x] && Not[BinomialMatchQ[u,x] ]
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Rules for integrands of the form u (a+b log(c x~n))"p

9. j(gx)qLog[d (e+fx")"] (a+bLog[cx"])"dx

Log[d (e+fx")" bL "])°
1_jog[ (e+fx")"] (a+blog[cx"]) dx when p e z*

X

. J-Log[d (e+fx")] (a+bLog[cx"])”

X

dx when pez* A de ==

Derivation: Integration by parts

Basis: If d e = 1, then Logld(esDX0L . _ g, Polvlog[2,-d ]

Rule:If pe Z* A de == 1,then

PolyLog[2, -d fx"] (a+blog|c x"])p'1

X m

J-Log[d (e+-Fx'“)] (a+bLog[cx"])p PolyLog[z, —d-Fx’“] (a+bLog[cx"])p bnp
dx — - +

Program code:

Int[Log[d_.*(e_+f_.*x_"m_.)]*(a_.+b_.xLog[c_.*x_"n_.])" p_./x_,x_Symbol] :=
-PolylLog[2,-dfxx"m| x (a+bxLog[c*x"n])~p/m +
bxn«p/mxInt [PolyLog|[2,-d»fxx"m| » (a+bxLog[c*x"n]) " (p-1) /x,X]| /;
FreeQ[{a,b,c,d,e,f,m,n},x] && IGtQ[p,0] 8&& EqQ[dxe,1]

m

J

X

dx
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Rules for integrands of the form u (a+b log(c x~n))"p

L d fmp bL nT\P
Z:J-Og[(e+ x)] @* oghx]) dx when pez*A de#1

X

Derivation: Integration by parts

‘. (atbLlog[cx"])P (a+b Log[c x"])P+1
Basis: == Oy on (prl)

Basis: Ox Log[d (e + fx™) "] == %

Rule:If pe z® A de # 1,then

Log[d (e +fx")"] (a+bLog[c x"])p+1

fmr

"1 (a+blog|c x"])"”'1

Log[d (e +fx")"] (a+bLog[cx"])P
J dx —
X bn (p+1)

Program code:

Int[Log[d_.*(e_+f_.*x_"m_.)~r_.]*(a_.+b_.xLog[c_.*x_"n_.])"p_./x_,x_Symbol] :=
Log[dx (e+fxx*m)~r]+ (a+bxLog[c*x n])~ (p+1) / (bxnx (p+1)) -
famer/ (bxnx (p+1)) *Int[x" (m-1) x (a+bxLog[cx~n])~ (p+1) / (e+Fxx~m),x] /;
FreeQ[{a,b,c,d,e,f,r,m,n},x] && IGtQ[p,0] && NeQ[dxe,1]

_bn(p+1)

£

e+ fx"

dx
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Rules for integrands of the form u (a+b log(c x~n))"p

2: J(gx)qLog[d (e+£x")"] (a+blLog[cx"]) dx when (9;—162 V (m|q)€R) Aq#-1

Derivation: Integration by parts

[(gx)%Log[d (e+fx")"] d
X

Note: If 2 ez v (m|q) €R,then *is integrable.

Rule:If (9t ez v (m|q) eR) A q+#-Lletu— [(gx)9Log[d (e+fx")"] dx, then

~I-(gx)“Log[d (e+fx")"] (a+blLog[cx"]) dx — u (a+bLog[cx"]) —anEdlx
X

Program code:

Int[(g_.#x_)"q_.*Log[d_.*(e_+f_.*x_"m_.)"r_.]*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
With[{u=IntHide[ (g*Xx) ~qxLog[dx (e+fxx"m)~r],x]},
Dist[ (a+bxLog[c*Xx”*n]) ,u,x] - b*n*Int[Dist[l/x,u,x],x]] /5

FreeQ[{a,b,c,d,e,f,g,r,m,n,q},x] & (IntegerQ[(q+1)/m] || RationalQ[m] && RationalQ[q]) && NeQ[q,-1]
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Rules for integrands of the form u (a+b log(c x~n))"p 39

+ +

3: J(gx)qLog[d (e+fx")] (a+bLog[cx"])Pdx whenpezZ*AmeR AqeR Aq#-1 A (p=1V gm—lez vV (qez* A gm—lez Ade=1))

Derivation: Integration by parts

Rule:if pezZ"AmeRAQeRAQ#-1A (p=1V ¥ eczV (qez'N ¥ ez Ade=1)),let
uaj(gx)q Log[d (e +f x™) ] dx,then

a+blog[cx"])P™?

~J‘(gx)“Log[d (e+fx")] (a+bLog[cx"])Pdx — u (a+bLog[cx"])p—ban.u( dx
X

Program code:

Int[(g_.*x_)"q_.xLog[d_.*(e_+Ff_.#x_"m_.) ]| (a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
With[{u=IntHide[ (g*Xx) ~qxLog[dx (e+fxx"m)],x]},
Dist[ (a+bxLog[c*x*n]) p,u,X] - bsnxp+Int[Dist[(a+bxLog[cx"n])~(p-1)/x,u,x],x]] /;
FreeQ[{a,b,c,d,e,f,g,m,n,q},x]| && IGtQ[p,0] && RationalQ[m] && RationalQ[q] && NeQ[q,-1] &&
(EqQ[p,l] | | FractionQ[m] && IntegerQ[ (q+1)/m] || IGtQ[q,0] && IntegerQ[ (g+1)/m] && EqQ[d*e,l])



Rules for integrands of the form u (a+b log(c x~n))"p

4: J(gx)qLog[d (e+fx")"] (a+blLog[cx"])’dx whenpez*AmeR A qeR

Derivation: Integration by parts

Rule:lf peZ"AmeR A qeR,letu»J(gx)q (a+bLlog[cx"])Pdx,then

u x™1

J(gx)qLog[d (e+£x")"] (a+blLog[cx"])?dx — ulog[d (e+Ffx")"] —-Fmrj dx

e+ fx"

Program code:
Int[(g_.*x_)"q_.xLog[d_.*(e_+F_.#x_"m_.)~r_.]|*(a_.+b_.xLog[c_.*x_"n_.]1)"p_.,x_Symbol] :=
With[{u=IntHide[ (g*X) *q (a+bxLog[c*x"n])"p,x]},

Dist[Log[dx (e+fxx"m)~r],u,x] - famsr+Int[Dist[x~(m-1)/(e+fsx*m),u,x],x]] /;
FreeQ[{a,b,c,d,e,f,g,r,m,n,q},x] & IGtQ[p,0] && RationalQ[m] & RationalQ[q]

u: J(gx)qLog[d (e+fx")"] (a+bLog[cx"])dx

Rule:

J(gx)qLog[d (e+fx")"] (a+bLog[cx"])?dx — J(gx)qLog[d (e+Fx")"] (a+bLog[cx"])?dx

Program code:

Int[(g_.*x_)"q_.xLog[d_.*(e_+Ff_.#x_"m_.)~r_.](a_.+b_.xLog[c_.*x_"n_.]1)"p_.,x_Symbol] :=
Unintegrable[ (g+X) “qxLog[d* (e+fxx*m)~r] (a+bxLog[c*x"n])"p,Xx] /;
FreeQ[{a,b,c,d,e,f,g,r,m,n,p,q},x]
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Rules for integrands of the form u (a+b log(c x~n))"p

N: J(gx)qLog[d u"] (a+blLog[cx"])?dx when u=e+fx"

Derivation: Algebraic normalization
Rule: If u = e + £ x", then

J(gx)qLog[dur] (a+blLog[cx"])?Pdax — j(gx)qLog[d (e+Fx")"] (a+blLog[cx"])”dx

Program code:

Int[(g_.*x_)"q_.xLog[d_.»u_"r_.]=*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
Int[ (g*x)*qxLog[dxExpandToSum[u,x]”~r]* (a+bxLog[c*x”*n])"p,x] /;
FreeQ[{a,b,c,d,g,r,n,p,q},x] && BinomialQ[u,x] && Not[BinomialMatchQ[u,x]]
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Rules for integrands of the form u (a+b log(c x~n))"p

10. JPolyLog[k, exd] (a+bLog[cx"])Pdx

1: JPolyLog[k, exl] (a+blog[cx"]) dx when k e z*

Derivation: Integration by parts

Basis: (a+bLog[cx"]) ==0x (-bnx+x (a+blLog[cx"]))

Basis: Oy PolylLog [k, e x9] == qPoleozik—l,exqw

Rule: If k € z*, then
JPolyLog[k, ex?] (a+blog[cx"]) dx —

-bnxPolyLog[k, ex?] + xPolyLog[k, ex?] (a+bLog[cx"]) +
banPolyLog[k—l, exd] dlx—qJPolyLog[k—l, exd] (a+bLlog[cx"]) dx

Program code:

Int[PolyLog[k_,e_.*x_"q_.]*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
-bxnxxxPolyLog[k,exx*q] + XxxPolyLog[k,exx"q]* (a+bxLog[c*x*n]) +
bxnxq*Int[PolyLog[k-1,exx"*q],x] - gq*Int[PolylLog[k-1,exx"q]* (a+bxLog[c*x"n]),x] /;

FreeQ[{a,b,c,e,n,q},x] && IGtQ[k,0]
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Rules for integrands of the form u (a+b log(c x~n))"p

u: JPolyLog[k, exq] (a+bLog[cx"])pd1x

Rule:

J.PolyLog[k, exi] (a+bLog[cx"])Pdx — jPolyLog[k, exi] (a+blLog[cx"])?dx

Program code:

Int[PolyLog[k_,e_.*x_"q_.]*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
Unintegrable [PolylLog[k,e*x"q] * (a+bxLog[c*x*n])"p,x] /;
FreeQ[{a,b,c,e,n,p,q},x]
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Rules for integrands of the form u (a+b log(c x~n))"p

11. J(dx)'“PolyLog[k, exd] (a+bLog[cx"])?ax

PolyLog[k, exi] (a+blog[cx"])?
1. j dx

X

dx when p >0

. J-PolyLog[k, exd] (a+bLog[cx"])P
’ X

Derivation: Integration by parts

:«. PolylLogik,ex9] PolyLog[k+1,e x9]
Basis 0
. == Ox
X

q

Rule: If p > 0, then

p
dx —

JPolyLog[k, exi] (a+bLog[cx"])
X

PolyLog[k +1, exd] (a+bLog[cx"])? bnp J~P01yLog[k+1, exd] (a+bLog[cx"])p'1
- dx

q q X

Program code:

Int[PolyLog[k_,e_.*x_"q_.]=*(a_.+b_.xLog[c_.*x_"n_.])"p_./X_,x_Symbol] :=
PolyLog[k+1,exx*q]* (a+bxLog[c*x”n])~p/q - bxnxp/q*Int[PolylLog[k+1,exx"q]* (a+bxLog[cxx*n])~ (p-1) /x,X] /;
FreeQ[{a,b,c,e,k,n,q},x] & GtQ[p,0]
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Rules for integrands of the form u (a+b log(c x~n))"p

PolyLog[k, e XA bL "])°
2:J°y°g[’e"]("‘+ og[cx"]) dx when p < -1

X

Derivation: Integration by parts

‘. (atblog[cx"])P __ (a+b Log[cx"])P+?
Basis: == Oy on (pil)

| PolylLog[k-1,e x9]
X

Basis: 04 PolyLog [k, e x9]

Rule: If p < -1, then

PolyLog [k, ex?] (a+bLog[cx"])?
J~ dx —
X
PolyLog[k, e x9] (a+bLog[cx"])""1 q Polylog[k -1, ex?] (a+bLog|c x“])erl
- d
bn (p+1) bn(p+1)j X X

Program code:

Int[Polylog[k ,e_.x*x_"q_.]=*(a_.+b_.xLog[c_.*x_"n_.])"p_./x_,x_Symbol] :=
PolylLog[k,exx"q] = (a+bxLog[c*x”n])~ (p+1) / (bxnx (p+1)) - q/ (bxnx (p+1)) *Int[PolylLog[k-1,exx"q]* (a+bxLog[cxx*n])" (p+1) /x,X] /;
FreeQ[{a,b,c,e,k,n,q},x] && LtQ[p,-1]

2: J(d x)" PolyLog [k, ex?] (a+bLog[cx"]) dx when k ez*

Derivation: Integration by parts

e m n _ _bn (dx)™? (dx)™?! (a+b Llog[cx"])
Basis: (dx)™ (a+bLog[cx"]) = O ( FreTER Rty )

Basis: Ox PolyLog [k, e x9] == qulVLOE)[(k—l,exqw

Rule: If k € z*, then



Rules for integrands of the form u (a+b log(c x~n))"p

J(dx)’“PolyLog[k, exi] (a+bLog[cx"]) dx —

bn (dx)™*PolyLog[k, exi]  (dx)™*PolyLog[k, ex%] (a+bLog[cx"])
- + +

d(m+1)? d (m+1)
bngq
(m+1)2

J(d x)" Polylog[k -1, ex?] dx - d " J(d x)" Polylog[k - 1, ex?] (a+bLog[cx"]) dx

(m+

Program code:

Int[(d_.*x_)”~m_.xPolylog[k ,e .x*x_"q_.]=*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
-bxnx (dxx) ~ (m+1) xPolylLog[k,e*x"*q] / (d* (m+1)~2) +
(d*x) ~ (m+1) xPolyLog[k,e*x"*q] * (a+bxLog[c*x”n]) / (d* (m+1)) +
bxnxq/ (m+1) ~2xInt [ (d+*x) “mxPolyLog[k-1,exx"q],x] -
q/ (m+1) *Int[ (d+x) “mxPolylLog[k-1,e*x"q] * (a+bxLog[c*x"*n]),x] /;
FreeQ[{a,b,c,d,e,m,n,q},x] & IGtQ[k,0]

u: j(dx)'“PolyLog[k, ex] (a+bLog[cx"])”dx

Rule:

J(dx)'“PolyLog[k, exi] (a+bLog[cx"])Pdx — J(d x)" PolyLog[k, ex?] (a+bLog[cx"])"dx

Program code:

Int[(d_.*x_)"m_.xPolylog[k ,e .x*x_"q_.]=*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
Unintegrable[ (d*x) “mxPolyLog[k,exx"q] x (a+bxLog[c*x”n] ) p,x] /;
Fr‘eeQ[{anJchJe)mJn)pJq}Jx]
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Rules for integrands of the form u (a+b log(c x~n))"p

12. JPXF[d (e+Fx)]" (a+bLog[cx"]) dx

1: JPX F[d (e+fx)]" (a+bLog[cx"]) dx when mez* A F e {ArcSin, ArcCos, ArcSinh, ArcCosh}

Derivation: Integration by parts

bn
X

Basis: Ox (a+ b Log[cx"]) ==

Note:If me z* A F € {ArcSin, ArcCos, ArcSinh, ArcCosh},theterms of the antiderivative of
[PxF[d (e+fx)]"d

* will be integrable.

Rule:lf me z* A F € {ArcSin, ArcCos, ArcSinh, ArcCosh},letu — JPX F[d (e + fx)]"dx,then

ijF[d (e+fx)]" (a+bLog[cx"]) dx — u (a+blog[cx"]) 'b"fg‘“

Program code:

Int[Px_.*F_[d_.x(e_.+f_.*x_) ] m_.%(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
With[{u=IntHide [PxxF[d« (e+fxx)]*m,x]},
Dist[ (a+bxLog[c*x*n]),u,x] - bxnxInt[Dist[1/x,u,x],x]] /;
FreeQ[{a,b,c,d,e,f,n},x] & PolynomialQ[Px,x] && IGtQ[m,0] && MemberQ[{ArcSin, ArcCos, ArcSinh, ArcCosh},F]
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Rules for integrands of the form u (a+b log(c x~n))"p

2: JPX F[d (e+fx)] (a+bLog[cx"]) dx when F € {ArcTan, ArcCot, ArcTanh, ArcCoth}

Derivation: Integration by parts

bn
X

Basis: 9x (a+ b Log[cx"]) ==

e+fx)] d

integrable.
Rule: If F € {ArcTan, ArcCot, ArcTanh, ArcCoth},letu - JPX F[d (e + fx)] dx,then

~J‘P,(F[d (e+fx)] (a+blLog[cx"]) dx — u (a+bLog[cx"]) -an‘Ed]x

Program code:

Int[Px_.*F_[d_.x(e_.+f_.*x_)]*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
With[{u=IntHide [Px«F[dx (e+f*x)],x]},
Dist[ (a+bxLog[c*x”n]),u,x] - b*n*Int[Dist [1/x,u,X] ,x]] /3
FreeQ[{a,b,c,d,e,f,n},x] & PolynomialQ[Px,x] && MemberQ[{ArcTan, ArcCot, ArcTanh, ArcCoth},F]

Note: If F € {ArcTan, ArcCot, ArcTanh, ArcCoth},theterms of the antiderivative of [P« Frd <X

* will be
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